The search for topological characterization of algebraic properties of commutative Banach algebras has often led to the calculation of cohomology groups of its spectrum.
Introduction. Suppose A is a commutative, unital Banach algebra, with spectrum X(A), and let be the global functional calculus defined by Craw [3] . Also, let M denote a complex analytic submanifold of C n . While searching for characterizations of Cech cohomology groups of X(A), Novodvorskii [8] presented the spectral sets A M = {a = (a h ...,an)eA n :sp(aι,...,a n )cM}.
Later Taylor used in [10]
A M = {a = (aι,...,a n ) eA n : a = θ n (f), with fe*(X(A),M)}.
As it turns out, such sets have a very rich structure. It was proved in [6] that they are Banach manifolds modelled on the projective ^-modules of rank = dim(Λf). Our aim in this note is to extend the definition of spectral set to include manifolds such as the complex projective line, or complex Grassmann manifolds, which are not submanifolds of C n . We will obtain, for example, a good definition of meromorphic elements of a Banach algebra. By "good" we mean that our definition will be intrinsic, will coincide with Taylor's definition for submanifolds of C w , and will verify a Novodvorskii-Taylor type theorem [10] when the manifold is a homogeneous space. We shall also generalize Craw's global function calculus θ to a map
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Here <f(X(A), M) is the set of germs of analytic functions near X(A)
with values in M, as defined in [7] .
The problem has led us to the use of sheaves of "local" spectral sets and sheaf cohomology. Section 1 is a very brief presentation of the facts we shall need about analytic functions over the dual space of A, and their sheaves. In §2 the localization of Banach algebras which we shall use is developed. In § §3 and 4 the local spectral sets and their sheaf over X{A) are defined. The intrinsic definition of A M for any complex analytic manifold M (Definition 5.1) is given in §5. It is proved that this definition coincides with Taylor's when M is a submanifold of C n . A Novodvorskii-Taylor theorem (Theorem 5.9) is obtained, as well as generalized Gelfand transform, spectrum, and functional calculus. In §6 we take a closer look at spectral sets constructed from Lie groups and homogeneous spaces, and our main theorem (Theorem 6.3) regarding the inexactness of "lifted" exact sequences is obtained. Finally, a few consequences are presented in §7.
Analytic functions over the dual space.
Let U be an open subset, in the weak *-topology, of the dual space A' of A. We shall say a function f:U-+C is analytic if it is locally bounded and all its directional derivatives exist throughout U [1] . The complex algebra of all such maps will be denoted by 0{U). For example the linear maps a:
Consider, for γ e A\ the set of germs of C-valued analytic maps on γ. This is a local algebra which we will denote by 0 γ . The local boundedness of analytic functions makes it possible to consider each germ as depending only on a finite number of variables [1] ; 0 y may be presented in consequence as a direct limit of algebras of germs of C-valued analytic maps defined on finite dimensional spaces. More precisely: if V is a finite dimensional subspace of A, the transpose of the inclusion map, induces a mapping f*-*foj between the spaces of analytic functions.
If 0 and 0γ are the sheaves of analytic functions on A 1 and V respectively, we have a subsheaf γ0 = j*(0y) of 0. Let P(V) denote the algebra of functions on V generated by the linear maps ά, a e V. Then P(A') = limP(F') in a natural way, where V ranges over all finite dimensional subspaces of A.
The canonical map a »-• a shows that P(V) is isomorphic to the symmetric algebra of the vector space V. Now we are interested in the sheaf J/ = tf/JK. We have the following proposition.
PROPOSITION, (i) The stalk A γ ofsrf over y is zero ify φ X{A). Therefore, we may consider $/ as a sheaf over X{A).
(
ii) H°{X(A),J/) = A, and H r (X(A) t χf)
= 0 for all r > 1.
Proof. Suppose γ φ. X(A).
There exists some a e A such that the map u:
verifies u(γ) = 1. But clearly θ(u) = 0, so the germ of u at the point γ belongs to the ideal Jγ of ff y . Since this germ is invertible in ^,, it follows that Λy=@ y , and A γ = 0. The second statement follows from the exact cohomology sequence associated to the sheaf sequence considering that H r {X{A) y @) = 0, for all r > 1, and the cohomology of Jf referred to above.
If g* denotes the sheaf of continuous C-valued functions over X(A) 9 there is a map which may be considered a sheaf form of the Gelfand transform.
The local spectral sets. We will now define the local spectral sets A M (ψ).
Let M be any complex analytic manifold, and ψ e X(A). Let
Here @ m is the algebra of germs of complex valued analytic functions defined near m, and λ is an algebra morphism. Let &** denote the set of Λ/-valued analytic germs near ψ, and put
where f*{h) = h o /, and θ ψ : & ψ -> A ψ is the canonical map. 
DEFINITION. Let ψ e X(A), and M be a complex manifold. If otψ is as above, A M (ψ) is the image ofa ψ .
PROPOSITION. Let M and N be complex analytic manifolds, and h: M -• N an analytic map. Then h induces a map
h ψ :A M {ψ)->A N {ψ). Moreover, if d: N -• P is also analytic, (d o h) ψ = d ψ o h ψ ,
ψ (f) = a ψ (g) if and only ifa ψ (f) = a ψ (g).
Proof. Suppose a ψ {f) = a ψ (g). Knowing which coordinates of a ψ {f) are oo determines the point f(ψ) (the only point of M not belonging to the domains of these coordinates), so we have f(ψ) = g{ψ). Also, given any chart x = (x\,. ..,Xk) near f(ψ), the elements X\> > χ k generate the algebra @f( ψ ) topologically, and we have SO θ ψ of* = θ ψ o g*. Now suppose ot ψ (f) = otψ{g). The point f{ψ) = g{ψ) determines all "infinite" coordinates. For all others we have
The manifold M is contained in A M (ψ) as the image of the constant maps, and the projection onto the x-coordinate (which goes to C^ U {oo}) may be identified with the chart x itself. Thus A M (ψ) may be thought of as an extension of the manifold M. The projection onto the x-coordinate may be considered a "chart" on A M (ψ), which then has a manifold-like structure with tangent spaces modelled on A^. We shall not need this structure on A M {ψ), and so will pursue it no further. We choose to work with Im a ψ to avoid the need for maximal atlases in specific examples of manifolds.
The sheaf S/M over the spectrum.
We shall now define a sheaf of "manifolds" over the spectrum X(A) of A. As the total space, put We will now define a topology on srf M Let u e S/M> and π(u) = ψ. There is an / e ff^ such that u = a ψ (f) 9 
(U)cs f (W)ns g (V).
We have Sf(ψ) = s g (ψ), so α^(/) = «^(^) We shall prove that this is a local property, that is, αy(/) = aψ(g) implies a γ (f) = a γ (g) for all γ € ^(^4) which are sufficiently close to ψ. we know there is a neighborhood U of ψ over which ^ and j^oy coincide. We may also suppose that U is contained in F. Then Sf(U) is a neighborhood of w, and ^(^/(t/)) c s g {V), for if y E U,
= Sg(v).
$/ doh =^d°^h an d ^iά = identity of J^/ are simple.
The spectral set AM* We have, for any complex analytic manifold M, and any commutative Banach algebra A the following definition of the spectral set AM-
DEFINITION. A M = H°{X(A) f s/ M ).
PROPOSITION. Let M and N be complex analytic manifolds, and h: M -> N an analytic map. Then h induces a map > A N and we also have A doh = AjoA h and A iά = identity o
Proof. The proof is trivial, given the continuity of srf h . Simply define
A h (s)=sf h os.
The functoriality of the construction M H-> A M is clear.
The following facts, which will be needed later on, are also easy to prove.
PROPOSITION, (i) If S is a submanifold of M, then As is contained in A M .
( (ψ) »-> θ ψ (f) . Hence sheaves sf and S#Q are isomorphic. From now on we will write simply sf. If a = θ n (f) 9 for some / e @{X{A), Ω), a is identified with the section s e A Q given by s{ψ) = θ»{f) e A a {ψ). Note that we obtain, for example, ^GL n (C) = GL n (A) (invertible n x n ^4-valued matrices), and AQ* = A~ι (the invertible elements of A).
ii) AMXN may be identified with AM X A N . (iii) M is contained in
Now let s G AQ be identified with a = (a\,...,a n ) E A n , and takê G X(^). J(^) G ^Ω(^) = Im
We can now prove that our definition generalizes Taylor's. Observe first that the previous identifications give the commutative triangle
0{X{A),C») -^1+ A Cn
A n where the isomorphism is simply Sf\-^θ n (f). 6. Homogeneous spectral sets. In this section we take a closer look at spectral sets A F , where i 7 is a homogeneous space; that is, a quotient of an analytic Lie group by a (not necessarily normal) closed Lie subgroup. We also consider spectral sets obtained from principal fiber bundles.
PROPOSITION. If M is a closed submanifold ofC n , then A M under the previous identification.
Proof. The proof can be obtained by inspection of the commutative diagram
First, suppose G is an analytic Lie group. Then the analytic maps
induce the corresponding maps
That ^G:, with these operations, is a group, is easily verified by applying the functor A^ to suitable commutative diagrams.
If H is another Lie group and h: H -• G is a Lie group morphism, then ^4 Λ : ^4// -• A G is a group morphism. When H is a Lie subgroup of G, yl// is a subgroup of yί^.
It is natural to ask, in this context, if the "exact sequence"
induces an exact sequence
In other words, can the homogenous spectral set A G / H be described as
The answer in general is no. An idea of why this is so may be obtained by trying to prove that
0{X{A) 9 G) -> 0{X{A\ G/H)
is surjective. It is not, and the main setback is that X(A) can be too large.
We can, however, prove exactness of (1) in the local case, and this will lead us to see just how inexact sequence (1) is. Actually, we shall prove a stronger form of this result, valid for principal fiber bundles.
Let π: P -* M be an analytic principal fiber bundle with group H acting on P. Fix z e P, and let /: H -> P be the resulting map i{c) -cz. We then have the exact sequence The resulting sequence of spectral sets is locally exact; that is, we obtain the following lemma. We must now prove that given / and g in 0* such that π ψ (βψ(f)) = π ψ (β ψ (g)) 9 there exits an h e &** with β ψ (g) = a Ψ {h)β ψ {f).
We have We now obtain our main theorem, which shows the inexactness of (1). 
Examples and applications.
In some applications of the preceding theorems, sheaves and spectral sets appear where the manifold is
